1. Introduction {#SEC1}
===============

1.1 Large-scale inference {#SEC1.1}
-------------------------

Large-scale inference ([@B13]) is the new term of art for an emerging set of activities that cross-cut all of scientific data analysis. Due to new data collection and computing technology, massive inference problems are appearing that challenge traditional statistical approaches.
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Workers in computational biology, working with different forms of genome-derived data---gene expression, single nucleotide polymorphism (SNP) and so on---routinely compute a $\documentclass[12pt]{minimal}
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}{}$P$\end{document}$-values emerge (see, e.g., [@B43]; [@B8] for representative examples).Workers in extragalactic astronomy look for evidence of non-Gaussianity in the cosmic microwave background (CMB), by compiling $\documentclass[12pt]{minimal}
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}{}$P$\end{document}$-values for tests of non-Gaussianity associated with different regions, orientations and scales of the CMB data (e.g., [@B21]).
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}{}$P$\end{document}$-values is happening in field after field. In fact, scientific publication itself can now be viewed as a collection of numerical $\documentclass[12pt]{minimal}
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}{}$P$\end{document}$-values: Researchers such as Ioannidis, Leek and collaborators have conducted extensive text scraping exercises, extracting millions of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$P$\end{document}$-values out of the abstracts and bodies of published scientific articles (e.g., [@B1]; [@B20]).

This emergence creates an urgent demand for tools that can conveniently and reliably facilitate the main tasks of large-scale inference.

1.2 Weighted multiple hypothesis testing {#SEC1.2}
----------------------------------------

A primary task in large-scale inference (LSI) is simultaneous testing of *individual null hypotheses*---the focus of this article. This is also known as multiple hypothesis testing. Intuitively, this task allows one to discover the 'signals' amid a sea of 'noise' $\documentclass[12pt]{minimal}
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Many popular multiple testing methods are available, such as the Bonferoni method, Holm's method ([@B18]) or the Benjamini--Hochberg method ([@B3]), but all suffer from a fundamental limitation: they treat the hypotheses as *equal* and thus are unable to exploit important prior information about the likely significance of some hypotheses. Incorporating prior knowledge into the multiple testing problem holds the promise of higher detection power.
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}{}$w_i$\end{document}$, the less stringent the rejection threshold and the easier it is to reject a null. See the reviews [@B30] and [@B17].

There is a growing trend to use weighted testing of $\documentclass[12pt]{minimal}
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}{}$P$\end{document}$-values, especially in the biomedical literature, where a number of successful applications to genome-wide association studies (GWAS) are listed in [Table 1](#T1){ref-type="table"}.

Table 1Some recent uses of prior information in biomedical studiesSourceCurrent GWASPrior[@B33]Nicotine dependenceNicotine receptor status[@B2]SchizophreniaCardiovascular disease GWAS[@B24]Childhood asthmaeQTL[@B28]Cognitive performanceEducational attainment GWAS[@B15]Extreme longevityAge-related traits[@B41]Aggregate over broad setAnnotation in established hits
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}{}$P$\end{document}$-value weighting methods have limited ability to cope with important practical requirements. We next explain this claim in detail.

1.3 Optimal weighting and obstacles to practitioner acceptance {#SEC1.3}
--------------------------------------------------------------

To understand the limitations of existing methods, consider a setting where we have some uncertain prior estimates $\documentclass[12pt]{minimal}
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}{}$\mu_i$\end{document}$ of the expected effect sizes. For instance, in a GWAS of longevity ([@B15]), we formed $\documentclass[12pt]{minimal}
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}{}$\mu_i$\end{document}$ as a weighted average of the effects in age-related diseases such as heart disease. We wish to use $\documentclass[12pt]{minimal}
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}{}$\mu_i$\end{document}$ to improve power in the current study. Formally, our goal is to perform weighted testing controlling type I error, but offering optimal detection power under the alternative hypothesis that $\documentclass[12pt]{minimal}
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}{}$\mu_i$\end{document}$ are the true effect sizes. The resulting weights are known as the *Spjøtvoll weights*. They are a direct generalization of the classical Neyman--Pearson tests for simple null vs. simple alternative to the multiple testing framework. Indeed, Neyman--Pearson maximizes power subject to level constraints. Spjøtvoll maximizes the *sum of powers* subject to *sum of levels* constraints (see, e.g., [@B37]; [@B45]; [@B16]; [@B32]).

The Spjøtvoll weights can have certain unusual properties that render them unacceptable to practitioners. First, the weights need not be monotone in the effect sizes $\documentclass[12pt]{minimal}
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}{}$\mu_i$\end{document}$. This is counter-intuitive, because we would think that larger prior guesses should get bigger weights. Secondly, the Spjøtvoll weights can be very close to zero, causing the weighted $\documentclass[12pt]{minimal}
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}{}$P_i/w_i$\end{document}$ to be extremely unstable. Practitioners do not consider it safe and effective to rely on weights with such properties. Existing approaches developed to cope with these unfortunate aspects involve non-convex optimization ([@B45]; [@B44]) and so do not scale well to large problem sizes. At the moment, there is no effective way to impose 'practitioner' constraints such as monotonicity and strict positivity; in the era of practical LSI we cannot yet apply optimal weighting to massive collections of $\documentclass[12pt]{minimal}
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1.4 Princessp: new approach based on convex optimization {#SEC1.4}
--------------------------------------------------------

This article develops Princessp, a new approach to weighted Bonferroni multiple testing of $\documentclass[12pt]{minimal}
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}{}$P$\end{document}$-values, which resolves the practitioner obstacles just mentioned. Princessp employs convex optimization and so can scale to very large problem sizes. It allows linear inequality constraints, which can include monotonicity of weights in the effect size and also lower bounds keeping all weights at a definite distance from zero. Hence, the key priorities of practitioners---scale, monotonicity and definite positiveness of the weights---are all handled by our new method.

In more detail, we now enumerate our main contributions: We formulate Princessp as the convex optimization problem of maximizing average power of the weighted Bonferroni method ([Section 2](#SEC2){ref-type="sec"}). The concavity of the receiver-operating characteristic (ROC) is the key property enabling this. We establish concavity in the important setting of two-sided tests in exponential families.We give several examples of practical convex constraints to be used with Princessp ([Section 2.3](#SEC2.3){ref-type="sec"}). Our framework allows one to consider in a unified way several types of weights (such as stratified or smooth weights) that have been considered in previous work and also leads to new methods (such as bounded and monotone weights; [Section 3](#SEC3){ref-type="sec"}).We develop an efficient interior-point method for monotone bounded weights under normal observations ([Section 4](#SEC4){ref-type="sec"}). The direct use of interior-point methods leads to a severely ill-conditioned problem and is inapplicable to large-scale problems. Therefore, we develop a new subsampling algorithm to avoid the ill-conditioning ([Section 4.2.2](#SEC4.2.2){ref-type="sec"}). We establish that subsampling is fast and accurate.This allows us to efficiently solve large-scale problems with potentially tens of millions of hypotheses, such as those common in genomics. A MATLAB implementation, and the code to reproduce our results, is available at [github.com/dobriban/pvalue_weighting_matlab](http://github.com/dobriban/pvalue_weighting_matlab) (accessed 11 October 2017).We illustrate Princessp on a series of standard GWAS data sets ([Section 3.2](#SEC3.2){ref-type="sec"}). The boundedness of the weights leads to a good empirical performance compared with the state-of-the-art weighted Bonferroni methods.

In [Section 2](#SEC2){ref-type="sec"}, we explain Princessp first in the Gaussian case, then more generally for monotone likelihood ratio families and two-sided tests. We give several concrete examples of convex constraints ([Section 2.3](#SEC2.3){ref-type="sec"}). We study the important special case of monotone $\documentclass[12pt]{minimal}
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}{}$P$\end{document}$-value weights ([Section 3](#SEC3){ref-type="sec"}), illustrating their empirical performance on standard GWAS data sets and simulated data ([Section 3.2](#SEC3.2){ref-type="sec"}). Finally, we develop numerical methods to compute them ([Section 4.2](#SEC4.2){ref-type="sec"}).
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To explain our framework, we start with the normal means model. Suppose we observe test statistics $\documentclass[12pt]{minimal}
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}{}$P_i = {\it{\Phi}}(T_i)$\end{document}$ and reject the $\documentclass[12pt]{minimal}
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To optimize the choice of weights, it is customary to proceed in two stages. First, we assume that we *know*$\documentclass[12pt]{minimal}
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In this article, we will focus on the first stage, and assume $\documentclass[12pt]{minimal}
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This class of weighted multiple testing problems was studied first by [@B37], thus we call this the Gaussian *Spøtvoll weights* problem. [@B32] and [@B30] showed that the weights are $\documentclass[12pt]{minimal}
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Our Princessp method takes this observation to its natural conclusion, allowing arbitrary convex constraints for the weights. Specifically, let $\documentclass[12pt]{minimal}
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The Princessp problem of computing constrained optimal weights for Bonferroni multiple testing is thus, in the Gaussian case, $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\begin{align*}
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\mbox{ s.t. } &f_k(w) \le 0, \,\,\,\,\,\, k = 1,\ldots,K, \\
&Aw=b.
\end{align*}
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More generally, beyond one-sided Gaussian tests, we replace $\documentclass[12pt]{minimal}
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We will show in Proposition 2.2 that the objective is concave, despite only one term in each pair being concave in $\documentclass[12pt]{minimal}
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One of the most important convex constraints is *monotonicity*. For Gaussian data, suppose that our guesses for the means are sorted such that $\documentclass[12pt]{minimal}
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In [Section 4](#SEC4){ref-type="sec"}, we will also explain how to solve the Gaussian problem numerically. Despite its simplicity, the problem has interesting numerical aspects. We show that the log-barrier interior-point method converges *in theory*, but it has serious numerical difficulties; namely, a severely ill-conditioned Karush--Kuhn--Tucker (KKT) system. For monotone weights, we show how to avoid ill-conditioning using a subsampling approach.
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2.1 Monotone likelihood ratio {#SEC2.1}
-----------------------------

For one-sided tests, we have convex problems very generally in monotone likelihood ratio (MLR) families. Suppose $\documentclass[12pt]{minimal}
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(MLR and concavity, e.g., [@B23], p. 101) Suppose $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$f_{\theta}(x)$\end{document}$ is a family of densities with monotone increasing likelihood ratio in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$x$\end{document}$ and satisfies the assumptions above. Then, the ROC curve $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$G_{\theta,\theta'}(x)$\end{document}$ is strictly convex in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$x$\end{document}$ for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta>\theta'$\end{document}$ and strictly concave for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta<\theta'$\end{document}$.

Part of this result is stated but not proved in [@B23], p. 101); therefore we provide a proof. We have $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$G'(x) = f_{\theta}[F_{\theta'}^{-1}(x)]/f_{\theta'}[F_{\theta'}^{-1}(x)]$\end{document}$. Hence, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$G'$\end{document}$ is strictly increasing for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta>\theta'$\end{document}$ and strictly decreasing if $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta<\theta'$\end{document}$. Therefore, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$G$\end{document}$ is strictly convex for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta>\theta'$\end{document}$ and strictly concave for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta<\theta'$\end{document}$. □

Suppose now that we have test statistics $\documentclass[12pt]{minimal}
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As before, suppose we have prior guesses $\documentclass[12pt]{minimal}
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By Proposition 2.1, this objective is concave and can be solved efficiently. In this set-up, the Princessp problem adds a general convex problem. This extension of Princessp to MLR allows us to handle one-sided tests in the following well-known statistical models: One-dimensional exponential families with continuous support: Clearly, exponential families $\documentclass[12pt]{minimal}
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We emphasize that the assumptions on the family of densities $\documentclass[12pt]{minimal}
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F_q(F_p^{-1}(x)) =
\left\{
\begin{array}{@{}ll}
1 & \mbox{if} & x>p, \\
q & \mbox{if} & x \in (0,p],\\
0 & \mbox{if} & x \le 0.
\end{array}
\right.
$$
\end{document}$$

Similar problems occur when the densities can be zero or when the supports are non-overlapping.

An even more general convexity property holds for likelihood ratio tests. As is well known in statistical folklore and formalized, for instance, in [@B27], Proposition 3.1), the ROC curve of LR tests is often automatically concave. However, in our applications, the alternative is usually composite, parametrized by a scalar $\documentclass[12pt]{minimal}
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2.2 Two-sided tests in exponential families {#SEC2.2}
-------------------------------------------

For two-sided tests, we can guarantee that Princessp works in exponential families, a setting more restricted than MLR, but more general than Gaussian. Suppose that we have observations $\documentclass[12pt]{minimal}
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We can also find a nearly explicit form for the two-sided optimal Gaussian weights. This leads to a fast algorithm for computing them, as well as insights into their behaviour (see [Section 3](#SEC3){ref-type="sec"}).
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2.3 Examples of convex constraints {#SEC2.3}
----------------------------------

The key flexibility of Princessp lies in the wide variety of user-specified convex constraints that it can be used with. To help potential users see how this is relevant in a variety of contexts, we now give several examples of such constraints.
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In specific applications, there can be many other constraints that incorporate problem-specific information and requirements.

2.4 Related work {#SEC2.4}
----------------

There are many methods for multiple testing with prior information, partially reviewed by [@B30] and [@B17], some mentioned earlier. Candidate studies---testing the top candidates based on prior information---are as old as statistics itself. They can be viewed as $\documentclass[12pt]{minimal}
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More general methods for multiple testing with prior information have been developed since at least the 1970s. Most work focuses on single-step Bonferroni procedures maximizing the average power and controlling the family-wise error rate. In seminal work, [@B37] described theoretically such procedures under very general conditions.

Later work extended Spjøtvoll's results in several ways. [@B4] allowed weights in the importance of the hypotheses. [@B30] and [@B32] found explicit optimal weights in the Gaussian model $\documentclass[12pt]{minimal}
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Less is known beyond the Bonferroni method. [@B18]'s step-down method can use weights, and [@B44] and [@B46] considered finding optimal weights for small $\documentclass[12pt]{minimal}
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[@B7] and follow-up work developed a graphical approach to stepwise multiple testing. To use this in large-scale applications, one needs to design a graph specifying how the levels are distributed upon rejection of each individual hypothesis.

Another line of work considers data reuse, by constructing weights using the same data set where the tests are performed. [@B32] proposed a sample-splitting approach combined with smoothing. In a slightly different set-up, [@B38] developed the optimal discovery procedure, maximizing the expected number of true discoveries, subject to a constraint on the expected number of false discoveries. [@B40] developed a method maximizing the marginal false nondiscovery rate (mFNR) subject to controlling the marginal FDR (mFDR), estimated the oracle procedure consistently in a hierarchical model.

[@B5] proposed an independent filtering approach, where test statistics are independent of the prior information only under the null, not under the alternative hypothesis. Recently, [@B19] proposed the more general independent hypothesis weighting framework. This promising approach focuses on the FDR, relies on convex relaxations for efficient computations and splits of the tests to ensure type I error control.
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The key practitioner constraints motivating Princessp were the need for monotonicity and boundedness of one-sided Gaussian weights. We now study that important example in detail. We develop algorithms to compute bounded monotone weights for one-sided Gaussian tests and explore their performance in simulations and GWAS data analysis. This is a helpful example, because unconstrained Gaussian Spjøtvoll weights are well understood and provide a solid background for comparison.
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One justification for monotonicity is that larger effects are worth more. Another justification is that for a sufficiently small significance level $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$q$\end{document}$, the optimal Spjøtvoll weights are in fact monotone.

(Monotonicity of one-sided Spjøtvoll weights for small $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$q$\end{document}$) Let us define $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$M = \max_i \{\mu_i^2/2\}$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$G(c) = \sum_{i=1}^{J}$\end{document}$$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${\it{\Phi}}(\mu_i/2 + c/\mu_i)$\end{document}$. Suppose that the significance level $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$q$\end{document}$ is small enough that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$q \le G(M)/J$\end{document}$. Then, the unconstrained Spjøtvoll weights $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$w_i=w(\mu_i)$\end{document}$ defined by Equation ([1](#iax013M1){ref-type="disp-formula"}) are monotone increasing in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$|\mu_i|$\end{document}$.

As shown by [@B32] and [@B30], the Spjøtvoll weights are $\documentclass[12pt]{minimal}
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A similar but somewhat more involved statement also holds for two-sided Spjøtvoll weights.

(Monotonicity conditions for two-sided Spjøtvoll weights) Under the assumptions of Proposition 2.3, and with the notation used there, let $\documentclass[12pt]{minimal}
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As shown in Proposition 2.3, under our conditions, the weights are $\documentclass[12pt]{minimal}
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To show that the weights are monotone increasing in $\documentclass[12pt]{minimal}
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While the above propositions hold under a mild constraint, the optimal weights are not bounded away from zero or infinity in general. This must be imposed as a separate constraint.

We illustrate monotone weights and their dependence on the bounds. We take $\documentclass[12pt]{minimal}
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![Upper and lower bounded weights.](iax013f1){#F1}

Lower bounded weights ([Fig. 1(a)](#F1){ref-type="fig"}) are flat near the two end points and increase sharply in between. This may be surprising because flatness is not required in the optimization problem. In addition, increasing the lower bound also leads to a decreased upper bound, a property that is not immediately obvious theoretically. Upper bounded weights ([Fig. 1(b)](#F1){ref-type="fig"}) have a similar but steeper shape. The weights are still flat; however, they are not automatically lower bounded (strictly above 0) any more. Finally, we vary both $\documentclass[12pt]{minimal}
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3.1 Power loss compared to Spjøtvoll weights {#SEC3.1}
--------------------------------------------

Since bounded weights are suboptimal to Spjøtvoll weights when the model is correct, it is interesting to understand the loss in power. This may help to form heuristics for the choice of lower and upper bounds. In [Fig. 2](#F2){ref-type="fig"} we report the results of a simulation where $\documentclass[12pt]{minimal}
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![The loss in power of bounded weights compared to Spjøtvoll weights.](iax013f2){#F2}

In this setting, an upper bound of two leads to a severe power loss of at least 50%, regardless of the lower bound. However, an upper bound of 10 leads to only a small loss in power, while an upper bound of $\documentclass[12pt]{minimal}
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3.2 Data analysis example {#SEC3.2}
-------------------------

To illustrate the empirical performance of Princessp, and specifically of bounded monotone weights, we analyze a standard set of data sets on GWAS. We follow the protocol and methodology laid out in [@B12]. There, we analyzed five studies on four complex human traits and diseases: CARDIoGRAM and C4D for coronary artery disease ([@B35]; [@B9]), blood lipids ([@B42]), schizophrenia ([@B34]) and estimated glomerular filtration rate (eGFR) creatinine ([@B22]).

In addition to these, here we also include the 90Plus data set ([@B11]), which compares the lifespan of a sample of Caucasian individuals living at least 90 years with matched controls (see [Section 6](#SEC6){ref-type="sec"}). These studies have $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$P$\end{document}$-values for the marginal association of 500,000--2.5 million SNPs to the outcome. More detail is provided in [Section 6](#SEC6){ref-type="sec"}.

Testing SNPs one at a time using unweighted Bonferroni is typically the first analysis performed in GWAS (see, e.g., [@B35]; [@B9]; [@B42]; [@B34]; [@B22]). Therefore, in our data analysis, we compare directly the state-of-the-art unweighted Bonferroni method to weighted Bonferroni methods.

We analyze several pairs of these data sets, starting with those that were already included in [@B12]. As a positive control for our method, we use CARDIoGRAM as prior information for C4D. Motivated by the Bayesian analysis of [@B2], we use the blood lipids study as prior information for the schizophrenia study. Motivated by the comorbidity between heart disease and renal disease ([@B36]), we use the creatinine study as prior information for the C4D study.

In addition to these pairs, we add four new examples: We switch the roles of the two heart disease studies and use C4D as prior information for CARDIoGRAM.We use the 90Plus data set as a target study and check whether studies on heart disease and schizophrenia can increase the number of hits. This is a challenging example, as the 90Plus data set has weak signal ([@B11]). We use the above three data sets as prior information as they seem to be the most promising from our prior work ([@B15]).

For each pair of studies, we restrict to the SNPs that appear in both. For each SNP, we have a two-sided $\documentclass[12pt]{minimal}
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Princessp, i.e., monotone weighting, shows good performance for all settings. In the pruned analysis, it has a score of 2 for the lower bound $\documentclass[12pt]{minimal}
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Monotone weights perform well compared with the other methods. In particular, filtering decreases the number of hits in many cases, especially when the $\documentclass[12pt]{minimal}
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No weighting scheme increases the number of pruned SNPs in the 90Plus study. Even in this challenging example, monotone weights seem more stable than the others, as they do not decrease the number of hits.

4. Optimization methods {#SEC4}
=======================

4.1 General remarks {#SEC4.1}
-------------------

The Princessp optimization problems presented in [Section 2](#SEC2){ref-type="sec"} are convex programs with convex inequality constraints. Here, we propose using the log-barrier interior-point method, which is a general approach to such problems (e.g., [@B6], Section 11). However, it is not immediate *a priori* that this approach will work well in our case. Indeed, we find that for monotone weights, the straightforward application of the method leads to severely ill-conditioned KKT systems for large problems. Therefore, we develop a new subsampling method to avoid ill-conditioning.

For concreteness, we will focus on Gaussian one-sided weights presented at the beginning of [Section 2](#SEC2){ref-type="sec"}, but the more general case is similar; only the ROC function changes. To start, we discuss a few analytic properties of the optimization problem. The ROC function $\documentclass[12pt]{minimal}
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The log-barrier method solves a sequence of equality-constrained problems indexed by $\documentclass[12pt]{minimal}
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In the two-sided normal testing example, the log-barrier method converges when restricted to the region $\documentclass[12pt]{minimal}
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4.2 Monotone weights {#SEC4.2}
--------------------

In this section, we explain our method for computing monotone bounded weights (Equation ([4](#iax013M4){ref-type="disp-formula"})). To enable efficient computation for problems with tens of millions of weights, we need to exploit the tridiagonal structure of the Hessian and solve the KKT systems arising the in the Newton steps in $\documentclass[12pt]{minimal}
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![Barrier method for monotone weights](iax013a1){#A1}

### 4.2.1 Centring problem {#SEC4.2.1}

From now on, we flip the sign of the objective, so that we are minimizing a convex function. For a penalty parameter $\documentclass[12pt]{minimal}
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We now show that the KKT matrix is a sum of a tridiagonal and a rank 1 matrix, so that the KKT system can be solved in $\documentclass[12pt]{minimal}
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\label{KKT_sol}
\nu = & - \left( \text{e}^\top \left(\nabla^2 g\right)^{-1} \text{e} \right)^{-1} \left( \text{e}^\top \left(\nabla^2 g\right)^{-1} \nabla g \right)^{-1}, \\
{\it{\Delta}} w_{nt} = & - \left(\nabla^2 g\right)^{-1} \left( \nu \, \text{e} + \nabla g \right) .
\end{align*}
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### 4.2.2 Subsampling {#SEC4.2.2}

Based on the earlier simulation results (e.g., [Fig. 1](#F1){ref-type="fig"}), and on intuition from isotonic regression, we expect that the solution may have many equal terms, lying on the boundary of the feasible set. It is known that this can lead to an ill-conditioned KKT system (e.g., [@B25], Chapter 17).

To deal with this problem, we propose a subsampling method. If $\documentclass[12pt]{minimal}
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This new subsampling approach is crucial to enable the application of Princessp to large-scale problems with millions of hypotheses. We also show in [Section 4.3.1](#SEC4.3.1){ref-type="sec"} that subsampling does not affect too much the accuracy of the weights on smaller problems. On larger problems, it usually avoids the ill-conditioned KKT systems encountered by the naive barrier method.

4.3 Experiments {#SEC4.3}
---------------

In this section, we report the results of several experiments with our optimization method.

### 4.3.1 Accuracy of subsampling {#SEC4.3.1}

In [Section 4.2.2](#SEC4.2.2){ref-type="sec"}, we introduced a subsampling method to avoid the ill-conditioning of the KKT system. Here, we show that the method does not lose too much accuracy compared with the full barrier method. We set $\documentclass[12pt]{minimal}
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### 4.3.2 Comparison with Spjøtvoll {#SEC4.3.2}

We showed in Proposition 3.1 that Spjøtvoll weights are monotone if $\documentclass[12pt]{minimal}
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### 4.3.3 Running time {#SEC4.3.3}

To test the running time of our method, we vary $\documentclass[12pt]{minimal}
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5. Discussion {#SEC5}
=============

In this article, we developed the Princessp method, employing convex optimization for large-scale weighted Bonferroni multiple testing. Our approach enabled many different constraints. We found that bounded monotone weights perform well empirically in the analysis of GWAS.

In particular, it appears that imposing a lower bound such as $\documentclass[12pt]{minimal}
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6. Data sources {#SEC6}
===============

6.1 CARDIoGRAM and C4D {#SEC6.1}
----------------------

CARDIoGRAM is a meta-analysis of 14 coronary artery disease GWAS, comprising 22,233 cases and 64,762 controls of European descent ([@B35]). The study includes 2.3 million SNPs. In each of the 14 studies and for each SNP, a logistic regression of coronary artery disease status was performed on the number of copies of one allele, along with suitable controlling covariates. The resulting effect sizes were combined across studies using fixed-effects or random-effects meta-analysis with inverse variance weighting. Finally, two-sided normal $\documentclass[12pt]{minimal}
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C4D is a meta-analysis of five heart disease GWAS, totalling 15,420 coronary artery disease cases and and 15,062 controls ([@B9]). The samples did not overlap those from CARDIoGRAM. The analysis steps were similar to CARDIoGRAM.

The consortia require that the following acknowledgment be included: Data on coronary artery disease / myocardial infarction have been contributed by CARDIoGRAMplusC4D investigators and have been downloaded from www.CARDIOGRAMPLUSC4D.ORG.

6.2 Chronic kidney disease consortium {#SEC6.2}
-------------------------------------

This is a GWAS of kidney traits in 67,093 participants of European ancestry from 20 population-based cohorts ([@B22]). Estimated glomerular filtration rate creatinine was the trait with the largest sample size. There is no reported overlap with the samples from C4D. The analysis steps were similar to the previous two studies.

6.3 Blood lipids {#SEC6.3}
----------------

This is a GWAS of blood lipids in a sample from European populations ([@B42]). Triglyceride levels were one of the traits, with sample size 96,598, chosen here out of all lipids because of its previous appearance in [@B2]. Standard protocols for GWAS were used: linear regression analysis controlling for study-specific covariates, combined using fixed-effects meta-analysis.

6.4 Psychiatric genomics consortium---schizophrenia {#SEC6.4}
---------------------------------------------------

This is a mega-analysis, which uses the raw data and not just summaries of other studies, combining GWAS data from 17 separate studies of schizophrenia, with a total of 9,394 cases and 12,462 controls ([@B34]). They tested for association using logistic regression of schizophrenia status on the allelic dosages. The overlap with the blood lipids study consists of 1,459 controls, which amounts to $\documentclass[12pt]{minimal}
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}{}$12\%$\end{document}$ of controls in the schizophrenia study. The overlapping controls are from the British 1958 Birth Cohort of the Wellcome Trust Case Control Consortium.

6.5 90Plus study---aging {#SEC6.5}
------------------------

[@B11] performed a genome-wide association meta-analysis of 5,406 long-lived individuals of European descent (aged at least 90 years). They combined the results of 14 studies originating from seven European countries. The analysis steps were similar to the ones above. This data set was used in [@B15], and it is the most conveniently available aging data set among those analyzed in that article.
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